Statistical offices have often recourse to benchmarking methods for compiling quarterly national accounts (QNA). Benchmarking methods employ quarterly indicator series (i) to distribute annual, more reliable series of national accounts and (ii) to extrapolate the most recent quarters not yet covered by annual benchmarks. The Proportional First Differences (PFD) benchmarking method proposed by Denton (1971) is a widely used solution for distribution, but in extrapolation it may suffer when the movements in the indicator series do not match consistently the movements in the target annual benchmarks. For this reason, an enhanced formula for extrapolation was recommended by the IMF's Quarterly National Accounts Manual: Concepts, Data Sources, and Compilation (2001). We discuss the rationale behind this technique, and propose a matrix formulation of it. In addition, we present applications of the enhanced formula to artificial and real-life benchmarking examples showing how the extrapolations for the most recent quarters can be improved. JEL Classification Numbers: C22, C61, C82
I. INTRODUCTION
Benchmarking techniques are typically used in national accounts to derive quarterly estimates of an annual aggregate. The benchmarking problem can be split into two parts: (i) distribution and (ii) extrapolation. In the former case the procedure is used to generate quarterly data which are both consistent with annual data (i.e., the sum of the quarters is equal to the annual level) and as close as possible to the movements of a quarterly preliminary series. Extrapolation refers to the calculation of quarterly forecasts of the target variable according to the movements in the quarterly preliminary series before the annual benchmark is available.
To avoid steps between consecutive years, benchmarking techniques based on some movement preservation principles are recommended. A widely used benchmarking method is the one proposed by Denton (1971) , with the modification for the starting condition provided by Cholette (1984) . This procedure considers an objective function according to which the proportional period-to-period changes (or Proportional First Differences (PFD)) of the benchmarked series be as close as possible to those of the preliminary figures. Hereafter, this procedure will be referred to as the basic Denton PFD benchmarking method.
Under the given constraints, the Denton PFD technique is aimed at preserving at the best 2 the movements in the preliminary series. When it comes to extrapolation, the results from this procedure may not be fully satisfactory. This problem is outlined in the IMF's Quarterly National Accounts Manual: Concepts, Data Sources, and Compilation (Bloem et al., 2001 , hereafter the QNA Manual). To avoid a possible bias and improve the quality of the estimates in extrapolation, the QNA Manual proposes an enhanced version of the Denton PFD solution. Such enhancement is based on a forecast of the annual benchmark-to-indicator (BI) ratio for the next year given by the user, so that the quarterly extrapolations are in line with that annual BI forecast.
The QNA Manual proposes the objective criterion for the enhanced Denton PFD benchmarking method. However, it does not offer a matrix formulation of the problem from which an analytical solution can be derived. A shortcut version is instead presented, which turns out to give "similar results for less volatile series" (p. 93). In this paper we formalize the problem solved by the enhanced Denton PFD method in matrix terms, derive the analytical solution, and compare the results obtained from it to both the shortcut version and the basic Denton formula using artificial and real-life examples. 3 2 The Denton PFD method is a good approximation of the ideal movement preservation principle, which is based on the period-to-period rates of the variables involved (see QNA manual, p. 6.A1.12). This benchmarking problem is nonlinear and can be solved using optimization procedures, as discussed by Di Fonzo and Marini (2011) . 3 The analytical solution of the enhanced Denton method has been already proposed in the related work by Di Fonzo and Marini (2009).
The paper is structured as follows. Section II presents the basic Denton PFD benchmarking method. Section III provides the matrix formulation of the enhanced solution and briefly discusses the shortcut version suggested in the QNA Manual. The basic formula and the enhanced formula are then compared using applications with artificial data and real-life data (Section IV and V). Some conclusions are drawn in the final section. p and, at the same time, satisfy constraint (1). Based on this original proposal by Denton (1971) , Cholette (1984) provides the solution to a modified 6 constrained quadratic minimization problem according to which the proportionate difference between the benchmarked series and the preliminary series must be as constant as possible:
II. THE DENTON PFD BENCHMARKING METHOD
4 For the sake of clarity, in this paper we only consider the case of temporal aggregation by sum. 5 The QNA manual refers to the preliminary series as the indicator series. In our opinion, however, the concept of indicator is better suited in a temporal disaggregation framework where a statistical/econometric relationship is established between the related series (i.e., the indicator) and the variable to be estimated. However, in this paper we will use both terms with the same meaning. 6 The original version of Denton (1971) 
In matrix notation, problem (2) can be written as Di Fonzo (2003) provides the following simplified solution to constrained optimization problem (3):
The benchmarking solution (4) can also be used for extrapolation. This characteristic of the Denton PFD formula in extrapolation can be unsatisfactory for the user. First, this method does not take into account the historical relationship between the indicator series and the target variable. If, for example, the growth in the indicator constantly underestimates the growth in the target variable, one may want to see this bias reflected in the extrapolated quarters so that the growth in the target variable is lower than the growth in the indicator series. Second, the annual growth rate of the target variable is implicitly derived from the extrapolation of the last available BI ratio. The user exercises no control over this, because the extrapolation is purely mechanical. A method which offers more control in extrapolation with the Denton formula is presented in the next section.
III. THE ENHANCED DENTON PFD METHOD FOR EXTRAPOLATION
The QNA Manual proposes a modification to the basic Denton PFD method that allows introducing an explicit forecast of the BI ratio for the next year. Starting from the same constrained problem in (3), and assuming 4 s  , the following additional constraint is added 
where [a] is the integer part of the real number a. The weight t w is the share of each subperiod with respect to the relevant yearly aggregated preliminary series, and
Of course the BI ratio 
where q is the expected forecast change of the BI ratio for the year N+1.
In matrix notation, constraint (5) can be expressed as:
where
the n-dimensional row vector in (9), the system of constraints satisfied by the enhanced Denton PFD method for extrapolation is 
A. An Approximation of the Enhanced PFD Method
A shortcut version of the enhanced Denton PFD method is presented in the QNA Manual for illustrative purposes ( § 6.35). Let t q be the BI ratio from the basic Denton PFD method , 1 ,. . . , . Then, the following recursion is used to calculate the BI ratios for the extrapolated quarters:
To understand the properties of this approximation, it is useful to aggregate the quarterly BI ratios at the annual level. Two years are involved, the last available one (N) and the extrapolated one (N+1). The annual average of the modified BI ratios for the year N is given by:
Replacing each term of the sum with the original BI ratios we have
Then, the original annual BI ratio is preserved; this implies that for the year N the sum of the quarterly benchmarked series is equal to the annual benchmark value. We now consider the annual average of the extrapolated BI ratios for the year N+1 Then, the shortcut version guarantees that the (implicit) annual extrapolated BI ratio is the one requested by the user. The shortcut version, however, provides different, suboptimal results in terms of quarter-to-quarter rates of the extrapolated quarters with respect to the results achieved with the analytical solution provided in the previous section. Such differences are investigated in the following section through an example with artificial data.
IV. AN EXAMPLE WITH ARTIFICIAL DATA 8
We consider the data shown in tables 6.2-6.4 of the QNA Manual. Using the approximation illustrated in Section III. A,  is used to obtain the enhanced quarterly BI ratios from 1999:Q2 to 2000:Q4. The corresponding extrapolated values are given next in the table.
The last three columns in Table 1 show the quarterly growth rates of the indicator series and of the benchmarked series obtained with the basic Denton PFD method and its enhanced version using the shortcut solution. The last row shows the annual rate from the four extrapolated quarters. It can be noticed that the original Denton PFD provides an annual rate of 1.6 percent, while the shortcut version of the enhanced method gives 2.9 percent. Compared to the growth of 0.9 percent in the indicator series, both methods provide an upward extrapolation of the quarterly benchmarked series. In the first case, the correction factor is implicitly given by the use of the BI ratio of 1999: Q4. In the latter case, the annual BI ratio is explicitly defined. In fact, the difference between the (annual) rate of change of the indicator and the (annual) rate of change of the extrapolated series from the enhanced Denton PFD method is exactly 2.0 percent, the same increase of the BI ratio assumed for 2000.
So far, we have considered the shortcut version of the enhanced method presented in the QNA Manual. We now introduce the analytical solution provided in this paper. Table 3 shows the benchmarked series using the analytical solution presented in (10).
Differently from the shortcut version, the analytical solution shows different values from the basic Denton PFD in each quarter. The quarterly growth rates are different, with a maximum discrepancy of -0.3 percent in 2000:Q4. As expected, the annual rate of change of 2000 of the two versions is the same (2.9 percent).
It is interesting to compare the extrapolated growth rates with those of the indicator series (in the last two columns in Table 3 ). For the quarters of the year 2000, the shortcut version provides growth rates that are on average 0.4 percent higher than the indicator's growth rates.
The analytical solution shows a higher distance in the first quarter (0.5 percent), while differences are smaller in the other quarters (0.4 percent, 0.2 percent and 0.1 percent).
To summarize such differences, Table 4 shows the mean squared differences (MSD) of the three benchmarking procedures under review with respect to the indicator series (square root of the average of the squared differences between the growth rates of the indicators series and the growth rates of the benchmarked series). The MSD is calculated on the whole sample and on the extrapolated quarters only (2000: Q1-2000: Q4). The smallest MSD is achieved by the basic Denton PFD solution (0.5946 percent). Concerning the enhanced method, the analytical solution is slightly closer to the movements of the preliminary series (0.6392 percent vs. 0.6523 percent of the shortcut version). The improvement of the analytical solution is much more visible if only the differences in the extrapolated quarters are considered: 0.3312 percent vs. 0.4184 percent. In extrapolation the MSD of the basic Denton PFD solution is clearly zero, because the quarterly growth rates of the benchmarked series are, by definition, the same as those in the indicator series. It can be noticed that the analytical solution always outperforms the shortcut version in terms of closeness to the movements of the indicator series. Improvements are higher as the change of the extrapolated BI ratio is far from 1.0 (no change). Second, the annual extrapolated rate of change from the two versions of the enhanced method is the same (except in two cases due to rounding errors, when 2000 b is equal to 0.94 and 1.04). Finally, the basic Denton PFD solution is the method that preserves better the movements in the indicator series at the time of the extrapolation, that is when the annual benchmark for the year N+1 is not yet available. However, the basic Denton PFD will converge to the enhanced solution if the annual benchmark for the year N+1 (once included in the benchmarking process) is in line with the annual BI ratio forecast used during the extrapolation periods. Indeed, the enhanced Denton PFD solution for extrapolation also aims at reducing future revisions of quarterly data by attempting an accurate projection of the annual BI ratio for the next year.
V. AN APPLICATION TO REAL-LIFE DATA
In this section we use an experiment with real-life data to evaluate the effectiveness of the enhanced Denton PFD formula. We consider a typical benchmarking problem of national accounts: the quarterly disaggregation of the annual series of manufacturing value added (VA) using as indicator series the quarterly industrial production index (IPI) of manufacturing. IPI is a timely indicator of industrial activity and is often considered as a good short-term proxy of VA in volume terms. For this reason many countries use IPI directly to estimate manufacturing VA in the QNA (using the so called "single deflation" approach).
In this experiment we consider VA and IPI of manufacturing for the following twelve G-20 countries: Australia, Canada, France, Germany, Indonesia, Italy, Japan, Korea, Mexico, South Africa, Turkey and the United States. Time series were extracted from the "National Accounts" and "Industry and Services" themes in the Organisation for Economic Co-operation and economic development (OECD) data warehouse, available at http://stats.oecd.org/
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. The sample period considered goes from 2000 through 2009. Since the data were extracted in March 2012, the national accounts data in these years should be consolidated because they incorporate both fully revised short-term statistics and more comprehensive data from annual surveys.
Our objective is to use the Denton PFD method to derive out-of-sample extrapolation of VA for 2009. This year was characterized by a strong downturn of economic activity in most industrialized countries. Many stable relationships between short-term economic indicators and annual national accounts series were seen to break down starting from 2008, including the relationship between IPI and VA of manufacturing activity. We expect to achieve some improvements with the enhanced Denton PFD in the extrapolation of 2009 if this break in the relationship is properly addressed and taken into account.
Extrapolation from the Denton PFD formula is purely mechanical. As explained in Section II, the last available quarterly BI ratio is used to extrapolate any subsequent quarters not covered by annual benchmarks. This implies that the quarterly benchmarked estimates will show the same quarterly growth rates of the indicator series used, while the annual growth rate may differ from that shown by the indicator series. On the contrary, with the enhanced formula an input is required from the user: the forecast of the annual BI ratio for the next year given in (7). In this out-of-sample exercise, we assume not to know the BI ratio for 2009. Then, the first step of the procedure is to find an appropriate method to get an accurate forecast for 2009 given the BI ratio available up to (and including) 2008.
The QNA Manual gives some suggestions on how to calculate a forecast of the next annual BI ratio (p. 6.31). Different alternatives are given according to the movements shown by the annual BI ratio over the observed periods. Figure 1 shows the annual BI ratio for the twelve G-20 countries considered in the years 2000-2009. 10 We plot the 2009 data point in the charts for reference but we assume this BI ratio is unknown. An increase (a decrease) of the BI ratio over time signals that VA is growing faster (slower) than IPI. A stable BI ratio around a mean denotes a good approximation of the growth rates of VA by IPI. For most countries IPI seems to underestimate the VA growth in the last ten years (Germany and Korea are the only exceptions). Most BI series show a regular pattern, while abrupt changes occur only in few cases (Korea in 2001 , Turkey in 2002 , Mexico in 2003 , Australia in 2008 . Looking at these charts up to 2008, we may conclude that the annual BI series show some form of regularity over time and can be predicted based on the past observations.
Given the low number of observations, we prefer not to use sophisticated time-series models to avoid an excessive uncertainty in parameters' estimation. Instead, we choose to derive the annual BI ratio for 2009 using an average BI ratio from the most recent years. Looking at the 2000-2008 period only, we use the following rules to calculate the annual 2009 BI forecast:
 when the BI ratio does not show a clear (upward or downward) trend but it fluctuates around a long-term average, we use the average level of the BI ratio observed in the last five years (2004) (2005) (2006) (2007) (2008) ). This approach is followed for Australia, Italy and Mexico;
 when the BI ratio displays a clear trend movement in the latest years, we use the geometric average of the growth rates of the BI ratio observed in the last five years (2004) (2005) (2006) (2007) (2008) ). This approach is followed for Canada, France, Germany, Indonesia, Japan, Korea, South Africa, Turkey and the United States.
The five-year span choice to calculate the average level of the BI ratio is a subjective choice and does not reflect any particular assumption on the relationship between IPI and VA in these countries. We looked for a simple, pragmatic forecasting method to show how the quality of the extrapolated quarters (in terms of accuracy) could be enhanced with respect to the basic Denton benchmarking method. Table 6 shows the extrapolation results for 2009 using the basic formula and the enhanced formula. The first two columns contain the IPI growth and the VA growth (mostly negative, because of the global financial crisis). The IPI growth was more negative than VA growth in most countries (except Germany, Korea and Mexico). Columns in the middle of the table show the annual 2009 growth rate from the quarterly observations extrapolated with the basic Denton formula and the error with respect to the "true" observed growth rate of VA. It can be noticed that the 2009 extrapolated growth rate for VA is similar to the IPI growth rate shown in the first column, but not equal. In fact, the basic Denton PFD does not guarantee the same annual rate of the indicator series in output. More importantly, it does not take into account all the information available on the historical BI ratio movements. Taking into account the historical movements in the BI ratio is what the enhanced Denton formula attempts to do. The results are shown in the last two columns in Table 6 . The extrapolation error is smaller (in absolute terms) for all the countries considered, with the exception of Indonesia where the enhanced method leads to an over-estimation of 1.6 percent compared to an under-estimation of only 0.4 percent with the basic formula. The enhanced formula does particularly well for Australia (an error of -3.8 percent against -10.9 percent with the basic formula), for which there was a rebound of the BI ratio in 2009 after the drop in 2008. The error with the basic Denton formula is so high because this method used the last available quarterly BI ratio (2008: Q4) to extrapolate the 2009 quarters. Since the quarterly BI in 2008: Q4 is necessarily low to stay in line with the drop in 2008 of the annual BI ratio, the extrapolated quarters are forced to remain at that low level although the average historical BI ratio is at a higher level (see top-left corner chart in Figure 1 ).
Overall, the mean error and the mean absolute error with the basic Denton formula are -2.3 percent and 2.5 percent. Using the enhanced formula for extrapolation, we obtain smaller average errors both in relative terms (-1.2 percent) and in absolute terms (1.6 percent).
With this example we have shown that an improvement in the forecasting accuracy of the basic Denton formula can be achieved if a good-quality annual forecast of the next year's BI ratio is used. We have also shown that, however, the enhanced Denton formula can lead to worse extrapolation results than the basic Denton formula when the annual forecast of the BI ratio turns out to be far from the true BI value (like for Indonesia).
VI. CONCLUSIONS
With the basic Denton PFD method, extrapolations are calculated through a carry-forward of the last available quarterly BI ratio. The implicit annual forecast for the next year is in the end determined by the level of the last observed annual BI ratio (and, possibly, by the preceding one), which may hide a measurement bias due to preliminary information available and be unrelated to the historical relationship existing between the indicator series and the annual benchmarks. The advantage of the enhanced method proposed by the IMF's QNA Manual is that the user can explicitly introduce a forecast for the annual BI ratio of the next year based on this relationship and keep more under control the extrapolation mechanism of the benchmarking method.
This paper proposed an analytical solution, using a matrix formulation, of the enhanced Denton PFD method recommended in the QNA Manual. This solution makes it possible to implement the enhanced method through any computing software allowing matrix calculations. We showed that the shortcut version proposed in the QNA Manual guarantees the requested forecast of the current year. However, using the same example with artificial data used in the QNA Manual, we showed that the simplified recursion may distort the quarter-to-quarter movements in the indicator series. For this reason, the analytical solution presented in this paper should always be preferred when the enhanced Denton PFD benchmarking method is used.
We applied the enhanced Denton PFD formula to a typical application of benchmarking in QNA
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(benchmarking of annual value added of manufacturing with quarterly industrial production index). We used both the basic method and the enhanced method to extrapolate manufacturing value added in 2009 for twelve G-20 countries. We calculated the required annual BI forecast for each country as the average of the BI ratio (in levels or in growth rates, according to the observed movements in the BI series) observed in the last five years of the sample period considered. We showed that using these forecasts the enhanced formula markedly improves the forecasting accuracy of the extrapolated quarters over the basic Denton PFD method.
Of course, the way in which we calculate the BI ratio forecasts in this paper proved to be effective in this particular case but cannot be generalized. However, we think that looking at the annual time series of BI ratio is always a good practice to determine if the basic Denton benchmarking method needs the proposed enhancement for extrapolation. We think that when a systematic pattern arises from the annual series of the BI ratio, especially in the latest years, the user should take advantage of this information and try to exploit it using the enhanced Denton PFD method.
